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INTRODUCTION 
1.1 General 
Shell structures, both from the point of view of structural efficiency 
and esthetic value, are fre~uently used to cover large, column-free spaces. 
Determinations of the magnitude of stresses and their distribution into the 
shell is of necessity in the design of these structures. 
In the interior regions of a shell, away from the supports, the loads 
are carried mainly by in-plane forces. The membrane theory provides a good 
estimate of stresses for design purposes. However, in the regions close to the 
supports, bending stresses'are developed as the results of the sharp change .in 
the stiffnesses from that of the shell to that of the edge member. 
For shells with simple geometry, such as (qylindrical and spherical 
shells, bending solutions are available for a variety of loadings and support 
conditions. However, for shells with complex g~ometry, such as translational 
shells,bending solutions exist only for a limited number of cases with simple 
load:Lngs and support conditions. The support conditions for which solutions 
have been found are rarely those in practical applications. Usually the govern-
ing e~uations are reduced to two e~uations in terms of· a stress function and 
* the radial displacement [13] . A Levy type solution can be obtained when at 
least two edges are simply supported. But these supports are usually a poor 
idealization of actual supports. 
One shell surface of particular interest is the hyperbolic paraboloid 
bounded by the characteristic lines of the surface. A variety of shapep can be 
* .' Numbers in bra ckets refer to references in the Bibliography. 
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formed by different combinations of hyperbolic paraboloid units. Due to con-
struction economy and the inherent beauty of these shapes, they have been widely 
used in recent years. The difficulties encountered in the analysis of these 
shells and their extensive use have led to numerous studies of their structural 
behavior. The edge disturbance from a straight boundary pe~etrates into the 
shell further than the edge disturbance from a curved boundary [4]. Therefore) 
a bending analys~s which takes into account the effect of supporting the sbell 
by an edge member is very important in the design of long span hyperbolic 
paraboloids. Because of the asymmetric relation between the stress function 
and the radial displacement in the governing equations of hyperbolic paraboloid, 
a Levy type solution such as the one used for cylindrical shells leads to 
unrealistic boundary conditions [5]. This is due to the absence of suitable 
orthogonal functions. 
Approximate methods have been used 'whenever the exact methods have 
failed to yield the desired solution. Variational procedures, such as the 
meth9ds, 6f\-Rit!?,' ,Galer®:in;:L~antorov.ich,etc]:;:.are. 'avaiJlab1e: r5'b:hJthe solution 
of boundary value problems. A combination of Kantorovichis and Galerkinis 
methods has been used to obtain a solution for a hyperbolic paraboloid with 
simply supported and clamped boundaries [5J. For shells of arbitrary shape, 
the selection of approximate functions is usually difficult and the integration 
of these functions is very involved. 
Numerical procedures, such as finite differences, have been used to 
solve the complex differential equations encountered in shell structures 
[9,10,17]. The use of the method of finite differences in shells frequently 
results in a set of inconsistent difference equations. This inconsistency can 
be avoided if the tangential displacements are properly specified [6,14,16]0 
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A still different approach to the problem is the use of models to 
simulate the shell structure. Hrennikoff [12J replaced the continuous structure 
by a system of elastic bars. Yettram and Husain [19] used the system of elastic 
bars to obtain solutions to plate problems. Parikh [15J and Benard [2] applied 
this method for cylindrical shells. A different model which replaces the 
continuum by a system of finite plate elements has been used by Clough [7,8] . 
. Zienkiewicz and Gheung, [20,21] have applied the method to orthotropic .slabs 
and arch dams. Discrete models consisting of rigid bars and deformable nodes 
have been used by Ang and Newmark [1] to obtain solutions in plates. 
Schnobrich [16] used a discrete model for cylindrical shells. One of the 
advantages of the discrete model is that a consistent Bet of equations is 
obtained. 
1.2. Objective of Study 
,With rapid advancements in computer technology, one can now obtain 
solutions of complex shell problems which previously were not possible because 
of computational work involved. The objective of this study i.s to develop a 
discrete model to simulate a variety of shell structures. The classical shell 
theory will be used as a guide in the development of the model. The generality 
of the model is illustrated by presenting numerical examples and comparing 
them with existing solutions whenever possible. 
1.3. Nomenclature 
The symbols used in this study are defined when they first appear. 
For convenience they are summariZled below: 
a shell span in x direction 
b = shell span in y direction 
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C ::: rise or sag of hyperbolic paraboloid bounded by the characteristic 
lines of the surface 
d twist of element i-Ij-l, i+lj'...;l, i+lj+l, i-Ij+l 
E 
h 
L 
x 
L y 
M ... X1J 
M .. Y1J 
M " 
xylJ 
N .. X1J 
N .. ylJ 
modulus of elasticity 
shell thickness 
grid length in x 'direction 
grid length in y direction 
moment about y~axis in deformable node ij 
moment'about x-axis in deformable node ij 
twisting moment in deformable node ij 
membrane force in x direction in deformable 
membrane force in y direction in deformable 
N. .. ::: in-plane shear- force in def6rmable node iJ' 
xylJ 
q =. external load· 
node 
node 
ij 
ij 
Q vertical shear- force at a section perpendicular to x-axis 
x 
Rx radius of curvature in x direction 
R radius of curvature in y direction 
y-
t distance between the· ·extens ional ~ ele~ents 
u i +lj ::: displacement of point ·i+lj in x direction 
Vij+l ::: dis:pla cemen t of point ij+l in y direction 
w .. lJ. -
displacement of deformable node ij in z direction 
X external load in x direction 
y external load in y direction 
Z ::: external load in z direction 
a ::: angle· between rigid bars in xz plane 
angle between rigid bars in yz plane 
E " XlJ 
U 
E .. XlJ 
W 
E " XlJ 
E " YlJ 
E •• 
XYlJ 
U,V 
E •. 
XYlJ 
W 
E .• 
XYlJ 
e . 1" Xl+ J 
eyij+l 
V 
a .. XlJ 
b 
a ". XlJ 
'T 
xy 
CPx 
cry 
X " XlJ 
Xyij 
::;: 
::;: 
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extensional strain in x direction at deformable node ij 
extensional strain due to u displacement in x direction at 
deformable node ij 
extensional strain due to w displacement in x direction at 
deformable node ij 
extensional strain in y direction at deformable node ij 
shear strain at deformable node ij 
shear strain due to u and v displacements at deformable node ij 
shear strain due to w displacement at deformable node ij 
rotation of bar ij, i+2j in x direction 
rotation of bar ij, ij+2 in y direction 
Pois son T s ratio 
extensional stress in x direction at deformable node ij 
flexural stress in x direction at deformable node ij 
shear stress 
opening angle in x direction 
opening angle in y di.rection 
flexural strain in x direction at deformable node ij 
flexural strain in y direction at deformable node ij 
twisting strain at deformable node ij 
METHOD OF ANALYSIS 
2 .1. General 
Although specialized methods of analysis, such as Levy solution) 
Ritz and Galerkin methods) etcO) have certain advantages for a particular 
problem) it is desirable to have a general method of analysis which can be 
used for a variety of shell surfaceso Different boundary conditions) different 
values of Poisson's ratio) and different combinations of loading should not 
present any difficulty in the method of analysis. The method should be adapta-
ble to non-linear problems J orthotropic shells) and shells with vari.able ,; 
thickness. 
One such method is the use of a discrete model consisting of rigid 
bars and deformable nodes similar to that proposed by Schnobrich [16]. Since 
the material properties of the shell are concentrated at the deformable nodes) 
the method can be used to study the behavior of shells with different material 
properties in the two directions. It can also be used to analyze shells with 
variable thicknesso The forces and the moments are constant across each node) 
thus) non-linear material properties would not present any difficulty in the 
use of the model. 
Because of the complexity of the equations governing the behavior of 
the model) it is advantageous to generate and solve the resulting set of 
equations within a digital computer 0 Due to the effort involved in the de-
velopment of individual computer programs for various cases) it is preferable 
to develop a single general computer program which can be used and can easily 
be extended to a variety of shell problems 0 Although such a computer program 
can become very complex) once it is completed many shell surfaces with various 
-6~ 
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loadings" and support conditions can economically be -investigated without much 
additional programming. 
The equations governing the behavior of the model are formulated 
fOT a general doubly curved surface using orthogonal coordinates. However, 
the coordinate lines are not necessarily the set which coincides with the 
line's of prin'cipal curvature. 
2.2. Description of the Model 
The dis'crete model employed in this study cons ists of rigid bars and 
deformable nodes arranged as shown in Figs. (1;2). The nodes have extensional 
and shear properties similar to those of t,he real material. At the midpoint 
of each rigid bar there is a,groove with a circular hole at its center, Fig. 3~ 
The rigid bars are connected to each other at these grooves by a pin which is 
inserted in the holes. With this type of connection, the two bars move 
independently of' each other in the radial direction. However, ,the rotatton of 
oria bar would cause a twist in the other bar. 
This model isa modification of the one used previously for cylindrical 
shells [16]. By specifying- the tangential displacement's at the same point, the 
extensional and shear behaviors are no longer separated from each other. The 
model can thus be used to study the nonlinear material behavior of shells 
based on accepted yield theories. It also makes it possible to formulate the 
governing equilibrium equations of hyperbolic paraboloid shells bounded by 
characteristics as well as other shells of negative curvature. 
When the model is used for the analysis of shell structures, the 
deformable nodes are placed at the intersections of the surface generators, 
Fig. 1. For shallow shells the generators are usually approximated by circular 
-9-
vary at each point. It is therefore convenient to adopt a moving triad of 
axes. When the origin of the coordinate system is placed at the deformable 
nodeij, the x and y axes are set along the bisectors of the angles formed by 
the rigid bars in the xz and the yz planes respectively. The z axis is 
directed along the perpendicular to the plane containing the bisectors (i.e., 
the tangential plane). The positive direction of z axis is into the plane 
of the paper, thus, resulting in a left handed coordinate system. By rotating 
this coordipate system through angles ~/2 and a/2 about the x and y axes 
respectively, the desired coordinate system at points ij-l, i+lj, ij+l, and 
i-Ij is obtained. 
Throughout this study, the strains, the forces, and the moments are 
formulated for deformable nodeij. Node ij may be a typical interior node, a 
node near the boundary, ora node on the boundary. The equilibrium equation 
in the x direction is formulated for point i+lj which is located one-half 
space~from the node ij, in the positive x direction. Similarly the equilibrium 
equation in the y direction is formulated for point ij+l which is located 
one-half space from the node ij, in the 'posi.tive y direction. The equilibrium 
equation in the z direction is formulated at point ij. Points i+lj, ij+l, 
and ij may be typical interior points) points near the boundary) or points on 
the boundary. 
2.4. Displacements 
Displacements are defined in the following manner: 
a. The tangential displacement Itu ll is defined at the intersection 
of rigid bars and is directed along the axis of the bar in the x direction. 
b. The tangential displacement "v" is defined at the intersection 
of rigid ba~s and is directed along the axis of the bar in the y direction. 
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c. The radial displacement lIW" is defined at the deformable node 
and is directed along the perpendicular to the plane containing the bisectors 
of the angles formed by the rigid bars (tangential plane). 
The positive direction of u, v, and w is the positive direction of x, 
y, and z axes respectively. Figures 1, 2, and 4 show the manner in which the 
displacements are defined. The above displacements are only the components 
of the total displacements at the specified points. The total displacement 
of any point in a given direction is obtained by proper combination of these 
displacements. 
2.5. Strain-Displacement Relations 
To find the extensional strain in the x direction at the deformable 
node ij, the u displacements of the rigid bars adjoining the node must be trans-
formed to the plane containing the node (tangential plane). The extensional 
stra in due to u dis pIa cements ,( see Figl~ 6) :~s' 
U 
E .. 
XlJ 
The extension~l strain due to w displacement of the deformable node ij 
(see Fig. 7) is 
W 
E .. 
XlJ 
-1 
R Cos a/2 wij 
x 
(2.2) 
Therefore, the total extensional strain in the x direction at the node ij is 
E .. 
XlJ 
1 1 
L Cbs a/2 (lli+lj - u i _lj ) - R Gos' a/2 
x x 
w .. 
lJ 
(2.4) 
Similarly the extensional strain in the y direction at the deformable node ij 
can be written as 
-11-
The in-plane shear strain due to tangential displacements surrounding the 
node ij is 
(2.6) 
Because of the twist of the surface there is also a shear strain due to the 
normal displacement (see Fig. 8). 
W 
E .. 
xylJ 
d 
2 r;--L Wi· 
x Y J 
Therefore) the total shear sttain at the deformable node ij is 
(2.8) 
It should be noted that these strains are the average strains through the 
thickness. 
The above strains are due to extension and shear 0 There ar,e also 
strains due to bending and twist which result from the rotation of the rigid 
bars. The rotation of the rigid bar ij J . i+'2j in the x direction can be seen. 
from Fig. 9 as 
Similarly the rotation of the rigid bar i-2j ,.:.i,J: l,rl the.:U<>di:rec~;ioniis 
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The flexural strain in the x direction at the top and the bottom elements of 
the deformable .node ij is obtained from Fig. 10 as 
1 t 
XXl" J" -. L ( a " 1· - a " 1") 2 Xl+ J Xl- J 
x 
(2.11) 
Substitution for a and a " 1" yields: 
xi+lj Xl- J 
t t 
X ." 2R Leos a/2 (u" l' - u. 1') + 2 (w. 2' - 2w"" + w. 2") XlJ X X l+ J l- J 2L Cos a/2 l+ J lJ l- J 
x 
(2.12) 
Similarly the flexural strain in the y direction at the top and the bottom 
elements of the deformable nodeij is 
t t 
2RL Gas t3/2 (Vij+l - v ij _l ) + 2 P./2 (wij+2 - ~ij + wij _2 ) y y 2L Cos t-' 
y (2.13) 
The twisting strain is obtained from. the relative rotation of the four rigid 
bars surrounding the deformable nodeijo Hence) 
(2.14) 
Expressions for a's similar to Eqo (209) can easily be obtained by proper use 
of subscripts. Substitution for a's yields 
~ij t ) t 2RL Cos a/2 (uij+l - u ij _l + 2R L Gas t3!2 (vi +lj - v i _lj ) 
x y y x 
t 1 1) 
+ 2L L (cos a/2 + Oos t3/ 2 (W i +lj+l - wi _lj+l - wi +lj -1 + Wi - lj - l ) 
xy 
(2.15) 
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2.6. Forces and Moments 
As was mentioned in Section 202) it is assumed that the deformable 
nodes are in a state of plane stress. The in-plane forces and the bending 
moments are concentrated at the deformable nodes. The in-plane force in the 
x direction at the deformable node ij is obtained by multiplying the exten-
sional stress a .. by the area. Thus) XlJ 
N .0 XlJ 
L 
a .. (2Y) h XlJ 
From, Eq . ( 2 01) 
E 
a .. - --2 (E " + yE .. ) 
XlJ l-y XlJ ylJ 
Substituting for a o. in Eq. (2016) we obtain XlJ 
L 
_ Eh ,~ ( ) N .. ' - 2 2 E. 0 + yE o. XlJ l-v XlJ ylJ 
Similarly 
Eh Lx ' 
N .. = -1 2"2 (EyiJ' + YExiJ'l) YlJ _y 
The in-plane shear forces are 
Eh L N 1 
xyij 2~1+y) 2 E xyij 
Eh L N x yxij 2(1+y) 2 E xyij 
(2016) 
(2.18) 
(2.19) 
(2.20) 
(2.21) 
The expressions for E o.J E 'oJ and E •. are given by Eqso (204)) (2.5)J and XlJ YlJ xylJ 
(2.8), respectively. 
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!Jlhe bending moment in the x direction at the deformable node ij is 
obtained by taking moments about the mi.d-depth of the deformable node. Therefore) 
M . 0 
XlJ 
b -.1L h t 
[ L ] - 2 Gxij ( 2) 2' '2 
b 
w4ere IT o. is the stress due to bending and is given by 
XlJ 
Thus, 
M .. ~ 
XlJ 
L 
Eh 2.. ~ ( ) 
1 
2 2 2 Xxij + VXyij 
-v 
Similarly 
M .. 
YlJ 
Eh Lx t 
- --2 -2 -2 (Xyl" J' + VXXl" J" ) 1 
-v 
The twisting moments are 
Eh L M 'y t 
xyij 2(1+v} "2"2 Xxyij 
M Eh 
Lx t 
yxij 2(1+v) 22 Xxyij 
(2022) 
(2.24) 
(2.26) 
The expressions for X '0) X .. ) and X " are given by Eqs. (2.12), (2.13), and XlJ YlJ XYlJ 
(2.15), respectively. 
To obtain the distribution of the forces and the moments) Eqs. (2.18) 
L L 
through (2.21) and (2024) through (2027) are divided by '; or ~ . 
2.7. Equilibrium Equations 
The principle of virtual displacement is used to formulate the 
equilibrium equations governing the behavior of the model 0 By the principle 
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of virtual displacement, if the system is in equilibrium the total work done 
by the internal forces plus the total work done by the external forces is 
equal to zero for any arbitrary virtual displacement. For example, to obtain 
the equilibrium equation in the radial direction at a specified node_, the 
node is given a virtual displacement while all other displacements remain 
fixea. The sum of the works done by the internal and the external forces 
caused by this virtual displacement is then set equal to zero. The results 
are a set of linear algebraic simultaneous equations in terms of the three 
displacements. These equations are solved and the obtained displacements are 
used to compute the forces and the moments 0 
The equilibrium equation in the x direction is obtained by giving 
the intersection of the rigid bars a virtual displacement 6u while keeping 
all other displacements fixed. Referring to Figo 5, a virtual displacement 
6u. 10) results in a change in extension and flexure of the nodes ij and i+2j l+ J 
and a change in shear and twist of the node's i+lj+l and i+lj~l. The internal 
work is equal to the negative of the change in the strain energy of the four 
deformable nodeso Hence J 
where Nand 6E are the force and the strain due to 'extehs ibn, shear;, :;bending,-
u 
,We t In 
L L [ Eh ~ (- ) ( ) 
2 2 E.. + Y E .. 6E . 0 + X ." + YX .". tsx ." l-y _ XlJ YlJ XlJ XlJ YlJ XlJ 
+ (E. 2" + yE . 2·)6E " 2 0 + (X 0 2" +vX~_" 0)6X. Xl+ J Yl+ J Xl+ J Xl+ J --yl+2J xl+2j 
I-v ( + -- E • • 6E . . + "0 6X " . 2 xYl+IJ-l XYl+IJ-l XXYl+IJ-I XYl+IJ-l 
+ E "1 0 16E 0 l' 1 + X . I" 16X . 1 0 l)J XYl+ J+ XYl.+ J+ XYl+ J+ XYl+ J+ 
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where f:.E' sand f:.X' s are the incrementa 1 stra ins) i. e. J 
f:.E " X1J 
f:.E . 2' X1+ J 
1 
L Cos 0./2 f:.u i + lj 
x 
etc. 
The external work of the comp.onent of the load in the x direction at point 
i+lj is 
WU X b. 
ext = i+lj u i +lj (2.31 ) 
For equilibrium 
(2.32) 
Substituting the strain-displacement relations into Eq. (2.29) and then sub-
stituting the results i.nto Eq. (2.32)) the desi.red equilibrium equation is 
obtained. Thus, the equi . .librium equat.ion i.n the x direction at poirit i+.lj is 
LxLy [(. 1 t 2 1 
-2 - 2 + 2 0 ) I 2 (u. 7)' - 2u, l' + u, 1') 
. -Cos a/24R
x 
Cosl- ex/2 1 l+..,J 1.+ J 1- J 
.X 
'2 
+ 1;,:, (1 + t ) 1 (1.1. l' ,_. - 2u, l' + 11, . ) 
4R2 cos2 a/2 L2 . 1+. J+~ 1+ J 1+1J-2 
x 'y 
(l-V . v l+v t 2 1 
+ 2 + Cos a)2 Oos f3/2 + ~ 4R R Oos a/2 Cos f3/ 2) LL (v i+2j+l -v i+2j-l 
x y x y 
- v" 1 + v., 1) - (. 12 + Ry Cos exl2 Cos f3/ 2) L1x (w i +2J' - w iJ' ) 1J+ 1J-' R Cos a/2 
x 
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1 d t 2 1 (1 1-V) 1 (w, 1'1 - w. 1'1) + ( ) -3 (w' - 3Wl·+2J· l + J + $ l + J - 2 / I, • 4' x y Y 4R Cos ex 2 i L l+ . J 
x x 
- 2w. 2' + w. 2" 2 - w,. 2 + 2w .. l+ J l+ J- lJ+ lJ - w." 2)',J lJ- = 0 
Similarly the equilibrium equation in the y direction is obtained 
by giving the intersection of rigid bars a virtual displacement 6v and then 
satisfying the relation 
Wv WV 0 ext + int = 
Finally when the deformable node ij is given a virtual displacement 
6w the internal work of the surrounding nodes can be written as 
w Eh 1xLy [ 
W. t = - --2 -'2- (E . 2' + VE . 2' )6E . 2' + (X ' 2' + YX . 2' )6X . 2' In x l- J Y l- J x l- J x l- J Y l- J x l- J I-V -
+ (E .. + VE .. )6E " + (X .. + VL_ .. )6X ". XlJ YlJ XlJ XlJ '-ylJ XlJ 
+ (E " 2 +VE " 2)6E .. 2 + (L_., 2 + VXXl' J'+2)6Xyl" J'+2 YlJ+ XlJ+ YlJ+ 'slJ+ 
I-V ( 
+-2 E . l' l' 6E , l' 1 + X . 1" 1 6X . l' 1 + E . l' 1 6E . l' 1 
. XYl- J- XYl- J- . xyl- J-, XYl- J- XYl+ J- XYl+ J-
+ Xxyi+lj-l ~Xxyi+lj_l + Exyi+lj+l 6EXYi+lj+l + Xxyi+lj+l 6Xxyi+lj+l 
+ Exyi-lj+l 6Exyi_lj+l + Xxyi-lj+l 6Exyi_lj+l + Exyij 6EXYij)] 
The external work is 
Z .. 6w., 
lJ lJ 
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For equilibrium in the radial direction 
Ww WW 
ext + int o 
Thus) the third equation representing equilibrium in the radial direction is 
obtained. 
The complete set of equilibrium equations for typical interior 
points is given in Appendix Au When the equilibrium equations for all grid 
points in the model are formulated) they constitute a set of linear algebraic 
s~multaneous equations in terms of the three displacements. These equations 
are mathematically consistent with the finite difference expressions of the 
bending theory of a general shell. If one radius of curvature is infinite) 
the equations are those for a cylinder [16]0 If both radii are infinite, 
the plate equations result [I]. 
BOUNDARY CONDITIONS 
3.1. General 
One of the advantages of using models to study the behavlor of 'shell 
structures is their adaptability to various boundary condi ti.ons. As was 
mentioned in Section 2.7) the internal work of the system corresponding to 
a virtual displacement can be formulated in terms of strains) Eqs. (2.29 and 
2.35). Since the geometric and the force boundary conditions can be expressed 
by strain-displacement rela tions) the internal work of the deformable nodes 
on or near the boundary is easily obtained by the use of appropriate strains. 
The procedure for obtaining the equilibrium equations of points on or near 
the boundary is similar to the procedure for obtaining the equilibrium equations 
of typical interior points) i.e. the desired point is given a virtual displace-
ment and the sum of the internal and the external works of the system associated 
with the virtual displacement is set equal to zero. 
Whenever the strain-displacement relations at the deformable nodes 
on or near the boundary include displacements of points outside the model) 
new strain-displacement relations must be formulated. These expressions are 
obtained according to the rest.raints at the edge and include only displace-
ments'of points within the model. 
3.2. Simply Supported Edge 
3.2.1. Roller Support 
This,type of support) usually referred to as tidiaphragm supportt1 is 
rigid in its plane but offers no resistance in the directi.on normal to the 
plane. Assuming that the edge parallel to the y-axis is supported by rollers) 
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the following conditions must be satisfied~ 
v 0 
w 0 
N 0 
x 
M 0 
x 
With the above relations, the strains at the deformable nodes on or near the 
edge can be easily formulated. 
Node on the e~dge. Using the first two condit±ons of Eqs. (3.1), the 
extensional and the flexural strains in the y direction at the deformable 
node ij located on the edge are obtained from Eqs. (2.5 and 2.13)0 
'€:yij o (3·2) 
Xyij o 
Using the last two conditions of Eqso (301) and substituting E .. and X ,. 
yl.J Yl.J 
into Eqs. (2.18 and 2.84) we get 
E .• 
XlJ 
o 
o 
Since v = 0 all·along the edge, the deformable node ij cannot displace in 
the y direction. Thus"at the deformable node ij located on the edge, the 
shear strain is found to be \(Fig. 11) 
Since w = 0 all along the edge, the points of intersection of rigid bars 
cannot displace in the radial direction. This can be accomplished by 
removing the dowel pin (see Fig. 3) and rigidly connecting the two bars to 
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each other at the edge. The rotation of bar i-lj+l, ij+l in the x direction 
{Fig. 11) can be written as 
Stmilarly, the rotation bf bar i-lj-l, ij-l in the x direction is 
(3.6) 
The rotation of rigid ~bar i-lj-l, i-lj+l in the y direction is 
The twisting strain at the deformable node ij located on the edge can now be 
obtained by substituting Eqs. (305 - 3.7) into the following relation: 
X 1 (e :_ e ) t 
xyij - L xij+l, xij -1 2 
Y 
1 e t Lfl yi-lj 2 
x 
Thus, 
t t 
2R L Cos a/2 (uij+l - u ij _l ) + 2R L Cos ~/2 (-2Vi _lj ) 
x y y x 
+ t (,1 + 1 )( 2w 2 ) 
2L L Cos a/2 Cos ~/2 - i-lj+l + wi - lj - l 
x Y 
Node one-half 'space from the edge. The strain expressions E •• , 
XlJ 
E •. , and i .. at the de,formable nodeij located one-half space from the edge YlJ ··ylJ 
are similar to those of 'a typical interior node. The shear strain E " and 
XYlJ 
the twisting strain X .:. are obtained by substituting Eqs. (301) into 
XYlJ 
. ECls. (2 . 8 and 2.15). Thus, 
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. 1, '1 " d .' 
E ' .. = L"="" (U"'+l - UfJ'~i) + L (-V i - 1J,) - 2 L L wi' XY1J Y 1J X X Y J 
x ,. 
, ~lJ 
t t 
2RL ,Cos a/2' (Uij+l - Uij _l ) + 2R L Cos (3/2 (-V i _lj ) 
x Y y x 
tIl 
+ 2L L,' (cos a/2 + Cos (3/2) (-wi - 1j+l + W i-lj -1) 
x Y " 
The flexural 'strain X
xij is obtained by substituting expressions similar to 
Eqs. (2.10, and 3.5) into Eq. (2.11). Therefore) 
= 2R L ~os a/2 (u'- I' '- u. 1') + . 2 t (-3w, , + w. '2') 
x X 1+ J 1- J ~L Cos 0/2 1J 1- J 
x (3.11 ) 
'. Node one, space from the edge. At the deformable nocie ij located 
one space from the edge) all strains except X are similar to those of a 
x 
typical interior node, The flexural strain'X
xij is 
2R L ~os,al2 (U i +lj - u i _lj ) + 212 x x 
x (3·12) , 
Equilibrium equations. The equilibrium equations for points on 
or near' the edge can now'·'be obtained by the principle 'of virtua'l displacement. 
For example, to obtain the eq~ilibrium equation in. the Y ,d;irection at .point 
ij+l Ioca,ted one:half .~p&ce from the edge/" the 'point is given a virtual dis-
placement h-.v, '1' The internal work of the system is" thus given .by 1J-: __ 
v 
Wint = 
L L ,;' ' 
Eh 2 x2 Y, [( E 1" + V E ,,)h-.E. ., + (L_, , + vX ")6L,,, l~V -, Y J X1J ,,YJ.-,J .. ~y1J ,X1J'y1,J 
+ (E " 2 + V E " 2 )h-.E " 2' + (X '. 2 + VX ., 2 )h-.x., , 2 Y1J+ X1J+ Y1J+ Y1J+ X1J+ ' ·Y1J+ 
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The coefficient 1/2 which appears in the last two terms of Eq. (3.13) is due 
to the reduced width of the strip of the shell at the edge) Fig. 11. The 
external work of the system is 
For equilibrium 
v v 
W t +W. t = 0 ex In 
Substituting the appropriate strain-.displacement relations into Eq. (3.13) and 
then substituting the result and Eq. (3.14) into Eq. (3.15), the desired 
equilibrium equation. is obtained. Thus, 
" L xL y [( 1 + t 2 ) ~ ,( v" ) 
2 2 2 2 2 \ 'ij+3 - 2vij+l + vij _l 
- Cos ~/2 4R Cos ~/2 L 
Y Y 
I-V t
2 
1 (l-V V 
+"-2 (1+ 2 2 ) 2 (-3v ·· l + v/. 2'1) + -2 + Cos a/2 f3/ 2 4:R Cosf3/2 L lJ+ l- J+ Cos Y x 
l~ ~2 1 
+ ~ 4R R Cos a/2 Cos f3/2)L L (ui +lj+2 - u i _1j+2 - u i +lj + u i _lj ) 
xy xy 
( IV ) 1 ( ) (I-V) d ( ) 
- Ry Cos ~/2 +" Rx Cos a/2 Cos ~/2 Ly wij+2 - wij -. LxLy Lx -w i-lj+l 
t 2 1 
+ ( 2) 3 (w" 4 - 3w" 2 -~ 3w. . - w. , 2) 
4R Cos ~/2 L lJ+lJ+ lJ lJ-
Y Y 
(l-V 1 l+v 1 ) 1 + -;-4R--C-o-s-~-r72- 2 Cos ~72 + 2 Cos a/2 L 2L 
Y x y 
( - 3w. . 2 + w. 2' 2 lJ+ l- J+ 
)] 1_v
2
-
+ 3w., - w. 2;' + -Eh Y lJ l- J o 
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3.2.2. Hinge Support 
The difference between the hinge support and the roller.support is 
that the former cannot move in a direction perpendicular to the edge. 
There~6re) the boundary conditions, when the edge parallel to the y axis is 
hinge supported) are 
u 0 
v 0 
w 0 
M 0 
x 
Taking these conditions into account the strains at the deformable nodes on 
or near the edge are obtained and the e~uilibrium e~uations for displacement 
points near the edge are formulated. The procedure is similar to that of 
roller support. 
3.3. Free Edge 
.l1,.ssuming that the edge parallel to the y axis is completely free) 
the boundary conditions are 
N 0 
x 
N 0 
xy (3. 18) 
M 0 
x 
R 0 
x 
where Rx is the classical reaction composed of the shear force Q and the 
variation of the twisting moment M along the edge, ioe. 
xy 
R 
x 
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Since the classical shell theory is used as a guide in the develop-
ment of the model, the reaction R must be defined at poi.nts along the edge 
x 
which best simulate a behavior similar to the continuous shell a The most 
logical points are the points of intersections of rigid bars along the edge. 
For example, the reaction at point ij+l, Fig. 12, is composed of the shear 
i 
force Q .. 1 which results from the bending moment M . l' l' and Q " 1 which XlJ+ Xl- J+ XlJ+ 
results from' the two adjacent twisting moments M " and M .. 2. 
XYlJ XYlJ+ 
As was pointed out in Section 2.2; at the points of crossings of 
the rigid bars, the two bars displace independently of each other in the 
radial directiono Therefore, the forces QV resulting from.the twisting 
moments along the edge must be transferred to the ends of the bars intersecting 
the edge. This is accomplished by means of auxiliary rigid bars (Figo 12) 
which connect the nodes on the edge to the points on the edge where the bars 
cross ~ To elimi.nate any addi.ti.onal twisting moment at the nodes one-half 
space from the edge which may result from the displacements of nodes along 
the edge, frictionless hinges are inserted at points of connections of 
auxiliary rigid bars and the crossing bars. 
By the use of Eqso (3.18), the strains of the deformable nodes on 
or near the free edge can be easily formulated. 
Node on the edge 0 Since the strain-displacement expressions are 
geometric relations, both the extensional and the flexural strains in the 
y direction at the deformable node ij located on the edge are similar to those 
of a typical interior node, .Eqs. (205 and 2013). The expressions for the 
extensional and the flexural strains in the x direction at the deformable node 
ij located on the edge are obtained from the first and the third of Eqso (3018). 
Thus., 
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. E " 
XJ..J 
r
l 
t t -"I 
Xxij -v 2RL Cos f3/ 2 (v .. I-v .. 1)+ 2 (Wij+2-2wij+Wij-2)J 
- y y lJ+ lJ- 2L Cos f3/2 
y 
At the deformable node ij located on the edge, the shear strain is found from 
the second of Eqs. (3018) to be 
E •• o 
XYlJ 
To obtain the twisting strai.n, we first have to consider the rotation of rigid 
bars i-lj+l, ij+l and i-lj-l, ij-lo The location of these bars is as shown 
in Fig. 13. Since at the crossing points on the edge, the two bars displace 
in the radial direction independently of each other, additional unknowns, 
5',s (radial displacements of the ends of the crossing bars), are introducedo 
Additional equations necessary to solve for the extra unknown 5's are formulated 
later from the equilibrium of a portion of the model near the edge. With the 
extra unknown 5's, the rotation of bar i-lj+l, ij+l in the x direction is 
(see Fig. 14a) 
Similarly the rotation of bar ij-l lD the x direction is 
e .. 1 XlJ-
L 1 1 ·x ~ (5ij _l - Cos a/2 wi - lj - l + 2R Cos a/2 u ij _l ) 
x x 
The rotation of rigid bar i-2j, ij (which is equal to the y rotation of bar 
i-lj -1, i-lj+l) in the y direction is 
-27-
The rotations of the two auxiliary rigid bars ij-l) ij and ijJ ij+l in the 
y direction are 
e~. 1 1 L Y 
- O. , 1) 
= L72 (Cos f3/ 2 w ij + 2R Clos f3/ 2 vij lJ lJ-
Y Y 
e~. 1 1 L Y f3/2 v ij) lJ = L72 (Oij+l - Cos f3/2 w ij + 2R cos y y 
respectively. The displacement v, . of the node ij in the y direction is equal lJ 
to v. 1'. The average rotation at the node ij is 
l- J 
[ L ] _! 81 2 -.1.. . y _ e..... -2 ( " + 8 .. ) - L R C f3/ 2 v. . + ( 0 .. 1 0.. 1) ~J . lJ l J Y .,.. Y 0 S l J . l J+ l J - . 
The twisting strain is defined by 
1 t 1 t 
Xy\T l' J' = -L ( 8 .. 1 - 8 " 1) -2 + LTn"2 ( 8 .. - 8 . 1·) -2 ~~ y XlJ+ XlJ- DX/C YlJ Yl- J 
t (u ) t ( 1 
2R L Cos a/2 -.5j+l - u ij _l + 2L L 'Cos a/2 
x y x y 
+ c If3/2) (,.;.2w. 1· 1+2w· l' 1)+L2Lt (0 .. 1 - 0 .. 1) os l- J+ l- J- lJ+ lJ-
x Y 
Node one-half space from the edge. At the deformable node ij 
located one-half space from the edge) all strains except X are similar to 
x 
those of a typical interior node" The flexural strain X " is obtained from XlJ 
expressions similar to Eqs. (2.10, 2011 and 3023). Thus, 
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2R L ~OS a/2 (Ui +lj - Ui _lj ) + 2 t a/2 (-3Wij + Wi _2j ) 
x x 21 Cos 
x 
t 
+ -2 o. 1· L l+ J 
x 
Considering the equilibrium of a T section near the edge, Figo 14b, 
the following relations can be written~ 
where 
1 
= LJ2 Mxi-lj+l 
x 
i 1 
Qlxij+l = LJ2 MXYij 
Y 
i 1 
Q2xij+l = ~ Mxyij+2 
y 
M . l' 1 Xl- J+ 
Eh Lv t 
-- .-JL ~ (X V ~. ) 
- 2. 2 2xi-lj+l -yi-lj+l I-v 
M .. 
XYlJ 
M .. 2 XYlJ+ 
For the equilibrium in vertical direction 
I i 
QXij+1 + Q2xij+l - Qlxij+l o 
Substituting Eqs. (3032) into Eqs. (3031) and then substituting the results 
into Eqo (3.33), we obtain 
o (3.34) 
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Equation (3.34)) after substitution for strains, yields the additional 
equilibrium equation at the free edge" Thus, 
L [ 1 
L
Y 
R L ~os a/2 (uij+l - ui - 2j+l ) + 2 (-3Wi_lj+l + W i-3j+l) 
. x x x L Cos a/2 
x 
1 (.) V ( 'v ( 
+ Lx 2 <,$\j+l + RyLy Cos f3/2 v i-lj+2 - v i-lj) + L/ Cos f3/2 W i-lj+3 
- 2wi - lj+l + Wi - lj - 1 )] + l;V [R L Cl08 a/2 (Uij+3 - 2uij+1 + U ij _1 ) x y 
1 1 1 1 
+R.L Cos ~/2 (-2Vi _1j+2 + 2Vi _1j ) + LL (cos a/2 + Cos ~72)(-2wi-lj+3 y x x y 
+ 4w. l' 1 - 2w. 1· 1) + L ~L {45., 3 - 85. . 1 + 45.. 1)] 
.1- J+ 1- J- 1J+ lJ+ 1J-
xy 
o 
Nodes one space from the edgeo At the deformable node ij located 
one space from the edge, all strains are similar to those of a typical 
interior nodeo 
Equilibrium equations 0 The procedure for obtaining the equilibrium 
equations for points on or near the edge is similar to that of Section 3.20 
For example, to obtain the equilibrium equation in the z direction at point ij 
on the free edge, the point is given a virtual displacement 6W .. o The lJ 
internal work of the system is thus given by 
w W. t 1n 
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1 1 
+ -2 (E .. + V E ..) L::,E .. + -2 (X __ 0 . + VX 0 0) 6:L_ 0 " YlJ XlJ YlJ .. -ylJ XlJ· -ylJ 
I-v ( 
+ ---2 E . 1" 1 6E 0 I· 1 + X "1 0 1 L::,X • 1 0 1 XYl- J - XYl-. J - X-yl- J - XYl- J-
+ Exyi-lj+1 L::,Exyi_lj+l + Xxyi-lj+l 6Xxyi_lj+l 
1 . ] + ~2 Eo. 6E .. ) 
xylJ XYlJ 
The external work of the system is 
For equilibrium 
o 
Substituting the appropriate strain-displacement relations into Eq. (3036) and 
then substituting the result and Eqa (3037) into Eqo (3038)) the desired 
equilibrium equation is obtainedo Thus) 
L L r 2 2 
X
2 
Y 1'_- 1~2v R 1 1 ( 'l-v 1 
L voo'l - Vo. 1) + ~2~ 2 2 ""loJ. Cos2 ~!2 Y lJT lJ- R . Cos ~/2 
y Y 
-31= 
.+ v. 2' 1 + v.o . 1 - v 0 2' 1) l- J+ lJ- l~ J~ 
212 
4 + 6 4 + ) + l=vL ( 1 + ) 
- wij+2 wij -. ·wi .j =2 wij _4 2 4· Cosa/2 Cos f3/2 
1 
2 2 (-w l" J" +2 + 2w". - w. . 2 + w. 2' 2 - 2w. 2' + w." 2' 2) L L lJ lJ- l- J+ l~ J l- J-
x Y 
o 
3.4. other Boundary Conditions 
The procedure for obtaining other boundary conditions is similar 
to that of the simply supported and free case. Fbr a shell clamped along 
the edge, all displacements and slopes along the edge vanish. For a shell 
continuous across a diaphragm support J the displacements vani.sh while the 
slope vanishes only if symmetrical geometry. and loading conditions exist. 
NUMERICAL RESULTS 
4.1. General 
As was mentioned previously the objective of this study is the 
development of a discrete model for the analysis of shallow shell.s of double 
curvature. It is not within the scope of this study to consider the effect 
of various parameters on the behavior of a multitude of shellso Solutions 
for a variety of shells with different boundary conditions are presented. 
One ,of the advantages of the discrete model is that the various types of 
loading can easily be ,handled. Several examples of shells subjected to uniform 
loads,sinusoidally varying' distributed loads:; and sinusoidally varying edge 
loads are given. Some solutions for shells having different values of Poisson's 
ratio are also presented. The obtained results are compared with existing 
solutions whenever possible to demonstrate the applicability of the model to 
a variety of shell problems . 
. Two types of shells are of particular interest as test problems for 
the model. One is a shell of negative Gaussian curvature,? the hyperbolic 
paraboloid bounded by characteristic" lines of the surfaceu For this shell 
the coordinate lines do not coincide 'with the lines of principal curvature 0 
The external loads are transmitted to the supports mainly by the in-plane 
shear forceso The other shell of particular interest is a shell of positive 
Gaussian curvature'} the elliptic' paraboloid 'with t'wo opposite edges simply 
supported and the other two edges freeo For this shell the magnitude of N y 
forces (edges parallel to the y-axis being free) varies very rapidly across 
a section normal to the free edgeso If the model can predict the behavior 
of the above two shells J then it can be expected to give good estimates of 
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magnitude and distribution of boundary disturbances for general shell 
problems. 
Except for the hyperbolic paraboloid bounded -by the characteristic 
. lines of the surface, the shells considered herein have both s~i1nmetrical 
geometry and loading. Therefore, by using only one quadrant of each shell 
in the analysis, one could redu.ce the number of unknown displacements to 
one-fourth of the original number. The spacing between the two extensional 
elements, t, is obtained by equating the bending stiffness of the model to 
that of the real material. Thus, 
which gives 
h t:= -
o 
2 12(1-V ) 
For flat plates the equilibrium equation in the z direction, 
Rca.. (A-3) is independent of the other two equilibrium equations, Eqs. (A-l 
and A-2). Furthermore, the set of equ.ilibriumequations in the z direction 
reduces to two sets of completely. uncoupled equations. One set contains the 
w displacements of the deformable nodes marked as solid circles (see Fig. 15). 
The other set contains the w· displacements of the deformable nodes marked as 
hollow circles. Although, the two systems act independently of each other, 
the solutions for the two sets were found to be in good agreement with one 
another. For example, the plot of w displacements along the diagonal of a 
rectangular plate is given in. Fig. 16. Alternate nodes belong to one system, 
the remaining nodes to the other. The agreement between the two systems, as 
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seen from the figure, is excellent. For shells whose coordinate lines 
coincide with the lines of principal curvature, such as cylindrical shells, 
elliptic paraboloid shells,and saddle shaped hyperbolic paraboloid shells, 
the two sets of equations a~e also completely uncoupled fTom each other . 
. For shells whose coordin~te lines do not coincide with the lines of principal 
curvature, such as hyperbolic paraboloid bounded by the characteristic lines 
of the surface, the two sets of equations are strongly coupled through u, 
v, and w displacements. 
4.2. All Edges Simply· Supported 
4.2.1 .. Uniformly Loaded Rectangular· Plate 
TWo rectangular plates of .same dimensions, uniformly loaded and 
having a Poisson1s ratio of 0.3 are considered. The dimensions of the plates 
are given in Table 1. Because of symmetry, only one quadrant of each plate 
is used in the analysis .. In tpe first plate, the quadrant is divided into 
three spacings in each direction .. In the second plate the number of divisions 
in each direction is doubled .. The values of the deflections and the bending 
moments at the center of the two plates are given in Table 1. The solutions 
are in good agreement with those given by Timoshenko and Woinowski-Krieger [18J. 
Reasonable accuracy is obtained by using a3 x 3 grid .. By increasing the 
number of divisions in each direction, the values of the moments are slightly 
improved. 
4.2.2 .. Uniformly Loaded Cylindrical Shell 
A cylindrical shell with dimensions corresponding to those given 
by Bouma [3J is considered. The shell is upiformly. loaded and has a Poisson's 
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ratio of 0.0. The dimensions of the shell are given in Fig. 17. Due to 
symmetry only one quadrant of the shell is used in the analysis. The 
quadrant is divided into six spacings in each direction. The plots of the 
displacements w, the forces N ,and the bending moments M at the midsection y x 
of the shell are also given in Fig. 17. For a modulus of elasticity of 
2 x 105 kg/cm2 and a loading of 0.019 kg/cm2 , the- maximum positive and 
negative values of w, N , and M at the midsection of the shell are shown in y x 
Table 2. The results are compared with those given by Bouma [3J. In general 
the agreement is good. The small differences between the results could be 
due to both the manner in which the two shells are supported along the edges 
and the manner in which the two shells are loaded. The edges of the shell 
in Ref. [3J are supported by vertical diaphragms and the loading normal to 
the surface, is given by 
z(y) Zl Cos cxly (4.1) 
where 
Z 4 rr 1 1C q 0:1 - b 
Although the transverse edges of the shell in this example are supported by 
vertical diaphragms, the longitudinal edges are supported by diaphragms which 
are perpendicular to the surfaceD The loading is considered as the weight of 
the shell. The most significant difference in the transverse bending moment, 
M , is to be expected because of the manner of supporting the longitudinal 
x 
edges. 
4.2.30 Uniformly Loaded Elliptic·Paraboloid 
The dimensions of the elliptic paraboloid used in this example are 
given in Fig. 18. The dimensions of the shell in the x .direction are the 
same as those of the cylindrical shell,. Fig. 17. The dimensions in the 
y direction are so chosen that the curved length and the rise of the shell 
are 1800 cms and 200 cms respectively. A 6 x 6 grid on a quadrant of the 
shell is used in the analysis. The plots of the displacements w, the forces 
N ,and the bending moments M at the midsection of the shell are shown in y x 
Fig. 18. 
Significant forces exist at the corners of this shell. The 
in-plane shear force and the twisting moment are 
N .:...2.23 qa 
xy 
M -0.069 x 10-2 qa2 
xy 
re specti vely 0 These force s produce principal' stre s ses in the diagonal 
directions which are as large or larger than those which exist in the center 
regions of the shell. 
The plots indicate that except near the edge the membrane theory 
provides a good estimate of stresses for design purposes. Due to low values 
of deflections, forces, 8..J.'1d bending moments, this ,shell is very suitable for 
roof construction. 
4.2.4 .. Uniformly Loaded HyPerbolic 'Paraboloid 
The dimensions of the hyperbolic paraboloid used in this example 
are given in Fig. 19. The dimensions of the shell in the x direction are 
kept the same as those of the cylindrical and the elliptic paraboloid shells, 
·while the dimensions in the y directions are so chosen that the curved length 
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and the sag of the shell are 1800 cms and 200 cms respectivelyo A 6x6 grid 
on a Quadrant of the shell is used in the analysis 0 The plots of the dis-
placements w, the forces N , and the bending momentsM at the midsection of y x 
the shell are shown in Fig. 190 
The plots indicate that the membrane ,theory can not be,used to 
estimate the stresses. The magnitudes of deflections, forces J and bending 
moments for' this shell are much higher than those for an elliptic paraboloid 
and a cylindrical shell of the same dimensions. 
4.2.5. Uniformly Loaded Hyperbolic Paraboloid Bounded by Characteristic 
Lines of the Surface 
A s~uare hyperbolic paraboloid bounded by the characteristic lines 
of the surface is used in this example. The shell has dimensions corresponding 
to those used by Chetty and Tottenham [5Jo The dimensions of the shell are 
given in Fig. 20. The,Poissonvs ratio and the modulus of elasticity of the 
shell are 0.16 and 3 x 106 psi respectivelyo The shell is subjected to a 
2 
uniform load of 50 Ibs/ft. Since the shell is not symmetric, an 8x8 grid 
on the complete shell is used in the analysis 0 The plots of deflection w, the 
force N ,and the bending moment M at the midsection of the shell as obtained 
xy x 
wi th the model together with the corresponding values obtained by Chetty and 
Tottenham are shown in Fig. 20. The agreement between the deflections and 
the shear forces is very good while the maximum bending moment obtained by 
the model is slightly higher than the one in Ref. [5Jo 
As was mentioned previously, this shell is of particular interest 
in the test of the model. The results indicate that the model can indeed be 
used to study the behavior of shells of negative Gaussian curvature. 
4.3. Two Opposite Edges Simply SUPEorted and the Remaining Two Edges Free 
4.3.1. Uniformly Loaded Square Plate 
A square plate uniformly loaded and having a Poissonis ratio of 0.3 
is considered. The dimensions of the plate are given in Table 3. A 5x5 grid 
on a quadrant of the plate is used in the analysis. The values of the 
def+ections and the bending moments at the center and at the free edge of the 
plate are given in Table 30 The results are in good agreement with those 
given by Timoshenko and Woinowsky,-Krieger [18] 0 
4.3.20 Cylindrical Shell Subjected to Sinusoidally Varying Edge Load 
A cylindrical shell with the transverse edges supported by diaphragms 
and the longitudinal edges free is considered in this example. The dimensions. 
of the shell are given in Figo 210 The Poisson's ratio and the modulus of 
elasticity of the shell are 0015 and 4032 x 105 kipS/ft2 respectively. The 
shell is loaded along its longitudinal edges by a loading of the type 
Z(y) :rr .- Cos b y 
A Quadrant of the shell is divided into 10 and 6 spacings in the x and y 
directions respectively. The plots of displacements w, the forces N J and y 
the bending momentsM at the midsection of the shell are shown in Fig. 21. 
x 
The analytical solution which 'was obtained by a Fourier series solution of 
the differential eQuation is taken from Parikh [15J. The fact that the 
results are in good agreement with the analytical solution indicates that the 
model can be used to study the effect of edge disturbances in shells .. ParikhYs 
model, which is an extension· of Hrennikoffis framework [12J to cylindrical 
shells, does not demonstrate the same accuracy as the model presented in this 
the displacements w, the forces N • and the bending moments M at the mid-Y' x 
section of the shell are also shown in Fig. 22. The plots of the in-plane 
shear forces N and the forces N at the support for the two shells are 
xy y 
given in Fig. 23. 
The magnitudes of w, N , and M at the midsection of the shell y x 
having hinged support are lower than those of the shell having roller support. 
The magnitudes of Nand N at the hinged support are much higher than those 
xy y 
at the roller support. This is to be expected in view of the fact that the 
shell now behaves in a manner like a fixed ended beam. However, as pointed 
out below computations based on considering the shell as a fixed beam are not 
adequate. 
A comparison of the hinged support case with the stresses that are 
obtained by multiplying the N stresses for the roller case by the ratio of y 
the bending moment in a fixed ended beam to the center moment in a simply 
supported beam is not conservative. The error also may not be insignificant. 
Furthermore, the· substantial modification of the N stress distriabution is 
xy 
not predicted by such an approximation. 
The equilibrium of the model is checked by considering one-half of 
the shell and applying the usual equilibrium equations. The summations of 
the forces in. the horizontal and the vertical directions vanish and the 
summation of the moments about any axis is found to be zero, i.e. the internal 
forces produce moments equal and opposite to the simple beam moment 1/8 wL 2. 
4.3.4. Elliptic Paraboloid Subjected to Sinusoidally Varying Load 
The dimensions of the elliptic paraboloid shells used in this 
example are .similar to those of the simply supported case and are given in 
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reaction of 0.95 ~a which is 1.7 percent of the N force at the free edge. y 
Reducing the value of the N force at the free edg~ obtained from the model, y 
by 1.7 percent gives a N e~ual to 2102 kg/cm. As was mentioned previously, y 
this shell is of particular interest in the test of the model. The results 
indicate that the model can be used to predict the rapid variation in forces 
and bending moments. 
Due to large values of deflections, forces, and bending moments 
and also due to rapid variation of N forces, this .shell is not an ideal y 
shell for construction. 
4.305. Hyperbolic Paraboloid Subjected to Sinusoidally Varying Load 
The dimensions of the hyperbolic paraboloid considered in this 
example are similar to those of the simply supported case, and are given in 
Fig. 27. The shell has a Poissonis ratio of 0 0 0 and is subjected to a 
loading of the type 
Z(y) rr ~ Cos b y 
A 12x6 grid on a quadrant of the shell is used in the analysis. The plots 
of the displacements w, the forces N , and the bending moments M at the y x 
midsection of the shell are given in Fig. 27. The magnitude of the displace-
ment at the free edge is very amall which indicates a behavior somewhat 
similar to that of the simply supported case. 
5.1. Conclusions 
CONCLUSIONS AND RECOMMENDATIONS FOR 
FURTHER STUDIES 
The discrete model developed in this study can be used to analyze 
a variety of shallow shells 0 The model gives good estimates of the magnitude 
and the distribution of deflections and stresses in shells with different 
edge conditions, different types of loading, and different values of-Poisson's· 
ratioo The comparisons of results indicate that the model can be used to 
study the behavior of shells of different Gaussian curvatures 0 It can also 
be used to study the effect of edge disturbances in shells" Rapid variations 
in forces and moments through the shell can be predicted by the model, 
however, for-better results larger number of spacings should be used .. In 
general, the obtained results are sufficiently accurate for design purposes. 
In view of the construction of the deformable nodes and the 
existance of constant forces across each node, an approximate analysis which 
includes the plastic behavior is possibleo Partial loadings and the exten-
sion of the-model to include elastic supports, columns or point supports 
along the edge, different material properties at different nodes, and shells 
with variable thickness should not present any difficult Yo 
For elastic shells whose coordinate lines coincide with the lines 
of principal curvature, the model can be redaced to the on~ in Refo [16Jo 
The extensional and the flexural behavior are then defined at the nodes of 
every other row, while the shear and the twisting behavior are defined at 
the remaining nodes. Radial displacements are specified at the extensional 
nodes, and only one tangential displacement is needed at ea'ch intersection 
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of two rigid bars .. The number of equations are thus reduced to one-half, 
permitting an increase in the number of spacings in the two directions. 
Although the method of analysis is straightforward, the equilibrium 
equations governing the behavior of the model are very complex. An efficient 
method of computation which eliminates the possibility of human errors is to 
generate and solve the equilibrium equations within a digital computer. With 
such a computer program for the model it is possible to ecconomically investi-
gate a variety of loading cases and support conditions which are encountered 
in the construction of shell roofs. 
5.2. Recommendations for Further Studies 
In future studies, the behavior of a portion of the model subjected 
to a complete set of edge disturbances should be investigated. The analysis 
of non-shallow shells, continuous shells, different combinations of hyperbolic 
paraboloid units which are bounded by the characteristic lines of the surface, 
and finally arch dams can then proceed by proper combinations of various 
portions. 
The model should be extended to include elastic supports, so that 
the behavior of shells with edge beams or supported by coluwns could be 
investigated. 
The governing equations of the model should be modified to include 
generalized a's and ~IS. Solutions of shells with variable curvatures such 
as elliptic and parabolic cylinders and conoids can then be easily obtained. 
The model should be generalized to non-orthogonal coordinates, so that shells 
which cover a non-rectangular planforms could be considered. 
Finally, the application of the model to non-linear problems in 
shells should be investigated. 
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TABLE 1. . SOLUTION OF SJMPLY SUPPORTED RECTANGULAR PLATE 
a = 6.0 11 
h :::; 0,03" 
v = 0.3 
x = 0 
Method 
w 
4 qa /D 
Model 3x3 .. 0.00563 
Model 6x6 0.00564 
Ref. [18J 0.00564 
y 
t ss 
ss I' PiN I 
LL-._ .. ---'>--X 
L~~ 
2 
y = 0 
M M 
x y 
2 2 qa qa 
0.0613 0.0491 
0.0623 0.0498 
0.0627 0.0501 
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. rrABLE 2. MAXIMUM POSITIVE AND NEGATIVE VALUES OF w) N ) AND M AT THE Y x 
Model 
~ 
Ref. [3J 
MIDSECTION OF SIMPLY SUPPORTED CYLINDRICAL SHELL 
w , em 
POSe Neg. 
0.61 -0.22 
0.60 Not 
i . 
Given 
N ) 
Y 
POSe 
No Pas. 
Value 
No Pas. 
Value 
2 q = 0.019 kg/em 
kg/em M 
x 
Neg. Pas. 
-67.8 153~0 
-63.6 163.7 
, kg 
Neg. 
-90.2 
~119·1 
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TABLE 3. SOLUTION OF SQUARE PLATE ) TWO OPPOSITE EDGES SIMPLY 
SUPPORTED"THE OTHER TWO EDGES FREE 
y 
1 
ss 
Free v = 0·3 
II 
ml(\] I 
1 i I L~J~X 
2 
h = 0.03" 
x = 0 ) y = 0 x = a/2 y ::: 0 
Method· 
w M M w M 
x y y 
4 2 CIa 2 4 2 CIa /D CIa CIa /D CIa 
. Model 5x5: .- 0.01320 0.0269 0.1225 0.01511 0.1309 
Ref. [ 18] 0.01309 0.0271 .0.1225 0.01509 0.1318 
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TABLE 4 D • MAXIMUM POSITIVE AND NEGATIVE VALUES OF w, Ny, AND Mx AT THE 
Model 
Ref. [3] 
MIDSECTION OF CYLINDRICAL SHELL, TWO OPPOSITE EDGES SIMPLY 
SUPPORTED, THE OTHER TWO EDGES FREE 
. / 2 Cl = 0.019 kg em 
w , em Ny , kg/em M , kg x 
Pos. Neg. . POSe Neg. Pos . Neg. 
14.2 -2.3 858.7 ... 242.3 -- -498.2 
32.0 Not 875.0 --225.0 -500.0 --given 
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APPENDIX A 
EQUILIBRIUM EQUATIONS 
Altho1.lgh the eCluilibriuill, eCluations'o;r the model are generated within 
a digital computer, the eCluilibrium eCluations of typieal interior points are 
present-eCl. here for referen.ce., 
L L 
~ 
2 
The equilibrium .eCluation in the x direction at point i+lj is 
[< 1 + Cos2 0./2 
t 2 1 
2 2 ) 2 (u'+3' .- 2u, l' + u i - 1J,) 4R Cos 0./2 L 1 J., l+ J 
x. x 
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+ - (1 + ) - (u - 2ul'+lJ' + u l'+1·J'--2) 2 4R2 Cos 2 0./2 L2, i+lj+2 
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(l-V V l+v t 2 1 
+ 2 + Cos 0./2 Cos (3/2 + '2 4R R COB 0./2 Cos (3/2) L L (vi +2j+l 
, x y x y 
- v. 2· 1 - v .. 1 + v .. 1) - (. \ + R V / / ) Ll (w l, +2j -w iJ' ) l+ J- lJ+ lJ- ~ ,Cos 0./2 y Cos a. 2 Cos (3 2 x 
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1 - V d ( ) t 2 1 
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The equilibrium equation in the y direction at point ,ij +1 is 
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The equilibrium equation in the z direction at point ij is 
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APPENDIX B 
A GENERAL DISCUSSION OF THE COMPUTER PROGRAM 
To make greater use of the storage capacity of the computer, 
the entire process of generating and solving the set of equilibrium equations 
is accomplished by three sequential programs • 
. In the first program the shell dimensiQDs and properties are read 
to the computer. The equilibrium equations are then generated and stored 
on an auxiliary tape. . The strain·-displacement relations corresponding to a 
given set of boundary conditions are made available to the computer by means 
of three FUNCTIONS. The loading is computed by a SUBROUTINE. By changing 
the FUNCTIONS or the SUBROUTINE, the same program can be used for a variety 
of boundary conditions or different loading combinations. In order to store 
the equilibrium equations in the least numbers of locations, the grid points 
are numbered in a one-dimensional triangular pattern. Furthermore, only the 
coefficients of displacements between the first and the last non-zero columns 
in each equation are stored. When a displacement component is zero, the 
point is not given a virtual displacement, thus no equation is generated at 
that point. 
In the second program,the equilibrium equations are read back from 
the auxiliary tape to the computer one at a time. Gauss elimination method 
is used to reduce the matrix of coefficients to an upper triangular matrix. 
The solution is obtained by back substitution, starting with the last equation 
in the matrix and the results are then stored on an auxiliary tape. The 
maximum number of equations that can be solved depends on the storage capacity 
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of the computer and the maximum ,band width (the band width is defined as the 
number of terms between the first and the lastnon~zero columns in an 
equation) of the equations a 
In the third program the results are read back from the auxiliary 
tape to the computer. The strains, the forces, and the moments are computed 
and the desired values are printed out. 
A general flow diagram of the computer program is shown in Fig. B-1. 
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